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Abstract

Score statistics are often used for the test of homogeneity in zero-inflated models for count data. The most
cited justification is that it only requires the model fit under the null hypothesis. However, the true null mod-
els are often unknown in practice and these statistics can be invalid when the null models are not correctly
specified. As an empirical evidence, an intensive simulation study indicates that the sizes of these score tests
for zero-inflated Poisson or negative binomial models may behave extremely liberal and unstable when the
mean function of baseline distribution or the baseline distribution itself is misspecified. In this paper, we
propose a new score test of homogeneity for zero-inflated models which is robust to these misspecifications.
Technically, the test is developed under the framework of Poisson-gamma mixture model which can provide a
more general framework to incorporate various baseline distributions without specifying the mean function.
The empirical performances of our test in finite samples are evaluated in simulation studies, and the dental
caries data from the Detroit Dental Health Project (DDHP) and Girl Scout data from Scouting Nutrition
and Activity Program (SNAP) are used to illustrate the proposed test.
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1. Introduction

Zero-inflated models provide a parametric framework to accommodate heterogeneity in a population, in which
the heterogeneity is referred to zeros being generated from two different sources. In real applications of these
models, the question of interest is typically whether the mixture probability or so-called mixing weight pa-
rameter of the model adequately represents the inherent heterogeneity in the population. In order to address
this question of interest, the hypothesis of zero mixing weight is often evaluated using score test statistics
under this class of models. Intuitively, a zero mixing weight indicates that the zeros are only generated
from the non-degenerate distribution. Therefore, testing the hypothesis that mixing weight equals zero is
equivalent to testing the homogeneous model against the heterogeneous model.

Score test has been suggested by many authors as a homogeneity test under this class of models due to the
fact that it only requires the model fit under the null model (for example, see van den Broek, 1995; Deng and
Paul, 2000; Jansakul and Hinde, 2002; Todem et al., 2012). However, the general limitation of the score test
is that it relies on the assumption of a well-specified null model. The true null models are often unknown
in practice, and as a result, it can be invalid when the null models are not correctly specified. For instance,
the mean of the null model is often related to covariates through a link function, but it could be misspecified
easily. The baseline distribution under the null model could also be misspecified. For instance, if the working
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baseline distribution is assumed to be Poisson but the true underlying distribution is negative binomial (NB).
It is well known that count data often exhibit over-dispersion compared to the Poisson distribution. If such
over-dispersion is not incorporated by the baseline model appropriately, the homogeneity test for zero-inflated
data may provide unreliable conclusions about the population.

Here we propose a new score test of homogeneity which is robust to these misspecifications. Technically, the
test is developed under the framework of Poisson-gamma mixture model which provides a general framework
to incorporate the baseline distributions under the zero-inflated Poisson (ZIP) or zero-inflated negative bino-
mial (ZINB) models. Our test can be performed without specifying the mean function and hence avoids the
impact of any possible misspecification of mean under the null model. The proposed test assumes a more
general model for the baseline model, and therefore it is robust to the misspecification of the baseline distri-
bution. The rest of this paper is organized as follows. In Section 2, we describe the zero-inflated model in
general and the score test for homogeneity. In Section 3, we describe misspecification in the homogeneity test
for zero-inflated models. We introduce the new robust test for evaluating heterogeneity under zero-inflated
models in Section 4. The performance of the proposed test is evaluated by simulation studies, under possible
misspecification of the mean and the baseline distribution in Section 5. The proposed test is then applied to
dental caries data from the Detroit Dental Health Project (DDHP) by Tellez et al. (2006) and Girl Scout data
from the Scouting Nutrition and Activity Program (SNAP) by Rosenkranz et al. (2010), and its performance
compared with the existing homogeneity tests in Section 6. We close with a brief discussion in Section 7.

2. Zero-inflated models and score test of homegeneity

Zero-inflated model is a two-component mixture model which combines a degenerate distribution at zero
and a parametric non-degenerate distribution based on a fixed set of parameters, say ζ. Specifically, the
zero-inflated model is defined as,

Pr(Yi = yi) =

{
ωi + (1− ωi)gi(0; ζ) if yi = 0
(1− ωi)gi(yi; ζ) if yi = 1, 2, . . .

where Yi is a count variable, with observed value yi for i = 1, . . . , n and ωi is the unknown mixture proba-
bility. For ωi = 0, the model reduces to the homogeneous model which corresponds to the non-degenerate
distribution gi(yi; ζ).

To test for heterogeneity in population under the zero-inflated models, mixing weight is evaluated by the
homogeneity tests. Assuming a constant mixing weight such that ωi ≡ ω for all i, the hypothesis H0 : ω = 0
is tested. Score test is often used to test for heterogeneity under this class of models as it requires the
estimation only under the null model. The corresponding score test statistic is given by

S = Sω(ζ̂, 0)T V̂ −1
ω Sω(ζ̂, 0)

where ζ̂ is the maximum likelihood estimate of ζ and V̂ω is the estimated variance of the score function
Sω(ζ̂, 0). With the assumption of constant mixing weight, this score test statistic will have an asymptotic χ2

1

distribution under the null hypothesis.

3. Misspecification

Score test requires a well-specified model under the null hypothesis. However, in practice, this assumption may
not be met which in turn may result in unreliable statistical inferences. In the score test of homogeneity for
zero-inflated models, the null model corresponds to the non-degenerate distribution that could be misspecified
in terms of the mean or the distribution itself. For instance, when the true mean is λ? = exp(β0+β1X1+β2X2)
with two independent covariates X1 and X2, the working mean of λ = exp(β0 + β1X1) may be used under
the test which would result in misspecification of the null model in terms of the mean function. Baseline
distribution under the null model could also be misspecified. For instance, if the true baseline distribution
under the null hypothesis is negative binomial, but the working baseline distribution is assumed as the Poisson
distribution.
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As an empirical evidence, an intensive simulation study indicated that size of the score test behaves extremely
liberal and unstable when the mean function of baseline distribution is misspecified like this. Score test for
zero-inflated Poisson or zero-inflated negative binomial model does not maintain the size at the nominal level
when the baseline distribution itself is also misspecified as summarized below:

Table 1: Empirical sizes of the score test statistics at the nominal level 0.05 based on 1,000 samples
generated with true mean λ∗ = exp(0.6 + 0.45X1).

Working Base line distribution n
mean function True Working 50 100 200 500 1000

Misspecification of mean
log(λ) = β0 Poisson Poisson 0.064 0.078 0.082 0.091 0.144
log(λ) = β0 + β2X2 Poisson Poisson 0.071 0.087 0.092 0.095 0.137

Misspecification of baseline distribution
log(λ) = β0 + β1X1 NB Poisson 0.931 0.997 1.000 1.000 1.000
log(λ) = β0 + β1X1 Poisson NB 0.029 0.027 0.028 0.025 0.029

X1 ∼ U(0,1) and X2 ∼ N(0,1) with X2 ∈ (-1,1).

4. Robust score test of homegeneity

Here we develop a robust homogeneity score test for zero-inflated data. The proposed test is developed under
the framework of Poisson-gamma mixture model based on the model proposed by Kassahun et al. (2014).

4.1 Kassahun’s model

A more general model for zero-inflated data which can accommodate zero-inflation, over-dispersion and

correlation was proposed by Kassahun et al. (2014). Let Yij be the jth outcome measured for subject i.
Zero-inflated over-dispersed hierarchical Poisson model by Kassahun et al. (2014) is given by

Yij |θij ∼
{

0 with prob πij
Pois(λij = θijKij) with prob 1− πij

,

where θij ∼ Gamma(α, β) with α and β as shape and scale parameters, Kij = exp(XT
ijη + ZTijbi) with Xij

and Zij as vectors of known covariates, and η is a vector of unknown coefficients and random effects bi is
Gaussian with mean 0 and covariance matrix D.

4.2 Proposed robust test

Here we consider the case for independent data. Based on the model above, we consider that Yi (i = 1, ..., n)
are independent observations from a mixture of degenerate distribution at 0 and a Poisson distribution with
a random mean Λi such that

Yi|Λi ∼
{

0 with prob ωi
Pois(Λi) with prob 1− ωi

where ωi is the mixture probability and Λi ∼ Gamma(α, β) with α and β as shape and scale parameters,
respectively. The marginal distribution fY (y) is given by

fY (y) =

∫ ∞
0

fY,Λ(y, λ) dλ =

∫ ∞
0

fY |Λ(y|λ) fΛ(λ) dλ.
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Hence, the zero-inflated distribution can be re-expressed as

Pr(Yi = yi) =

{
ωi + (1− ωi)fYi

(0) if yi = 0
(1− ωi)fYi

(yi) if yi = 1, 2, . . .

where

fYi
(yi) =

Γ(yi + α)

yi! Γ(α)

(
β

1 + β

)yi( 1

1 + β

)α
, yi = 0, 1, 2, . . . ,

a negative binomial distribution. Then, based on this zero-inflated distribution, standard likelihood approach
can be used to derive the score vector, i.e. the first order derivative of the log likelihood function along with
Fisher information matrix.

5. Simulation studies

Empirical performance of the proposed test is evaluated by investigating the type I error rates of the test
under the misspecification of mean and baseline distribution. To evaluate the size of the test, data are gener-
ated with sample sizes 50, 100, 200, 400, 800 and 1500 under the mean functions of the baseline distribution;
log(λ?) = 0.6, log(λ?) = 0.6 + 0.45X1, and log(λ?) = 0.6 + 0.45X1 − 0.2X2 where X1 and X2 are two
independent covariates with X1 as a continuos variable with uniformly distributed values on (0,1) and X2

as a truncated normal random variable with values on (-1,1). Two simulation studies were conducted, the
first with the data generated from negative binomial distribution with the dispersion parameter α = 0.8
and various true mean functions and the second with the data generated from Poisson distribution under the
same mean functions. Each simulation is repeated 1,000 times and empirical type I error rate of the proposed
robust test is evaluated at the nominal level 0.05. Power of the test is evaluated under the constant mixing
weights (ω?) 0.1, 0.2.

With the first simulation study, the proposed robust test maintains the size well around the nominal level
0.05. The power of the test increases as the sample size increases or the mixing weight (ω?) increases.
Clearly, the test is robust to any mean function used in the data generating process and performs well in all
cases. Withe second simulation study, the size of the test is conservative but remains stable as the sample
size increases. This result is as expected because it is well known that Poisson is a special case of negative
binomial. Therefore, the tests are conservative simply due to the efficiency issue. The power of the test
increases as the sample size increases and as the mixing weight increases from 0.1 to 0.2. The test is robust
to any mean function used in the data generation process. This result is not surprising as the proposed
test has developed under the framework of Poisson-gamma mixture model which can provide a more general
framework to incorporate Poisson distribution.

6. Examples

6.1 Dental caries data

To illustrate the proposed test we use dental caries data from the Detroit Dental Health Project (DDHP) by
Tellez et al. (2006). The target population of this study is low-income African-American children under age
six and their main caregivers who resided in Detroit, Michigan. Although the study is longitudinal in nature,
we use cross-sectional data of 897 children surveyed in the first wave of examinations conducted between
2002 and 2003. The outcome variable DS represents the number of decayed surfaces in our analysis. We
compare the results of proposed test with the results from existing testing procedures proposed by van den
Broek (1995) and Jansakul and Hinde (2008), assuming a constant mixing weight.

Score test proposed by van den Broek (1995) is performed by specifying the distribution under the null model
as Poisson distribution and the mean of the null model as a function of covariates Age (child’s age in years),
SI (the child’s sugar intake), and interaction term Age*SI. The score test proposed by Jansakul and Hinde
(2008) is conducted by specifying the distribution under the null model as negative binomial distribution and
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with the same mean function. Our proposed robust test does not require the mean of the null model as a
function of covariates and the test can be performed without specifying the baseline distribution specifically
as Poisson distribution or negative binomial distribution.
The proposed test statistic and the score test proposed by van den Broek (1995) reject the null hypothesis

Table 2: Comparison of score test statistic, degrees of freedom and associated p-values of homo-
geneity tests for dental caries data.

van den Broek Jansakul and Hinde Robust
test test test

df 1 1 1
Test statistic 30098.21 0.0106 19.0774

p-value <0.001 0.9178 <0.001

at 5% significance level, supporting the hypothesis of heterogeneity. The score test proposed by Jansakul
and Hinde (2008) fails to reject the null hypothesis. It is worth to note that rejecting the hypothesis of
homogeneity under the van den Broek (1995) test does not give evidence that zero-inflated poisson model
provides a best fit for the data. The test statistic of Jansakul and Hinde (2008) under the constant mixing
weight fails to reject the homogeneity hypothesis suggesting that inflation and deflation at zero appear to be
of the same magnitude so that the test is not powerful enough to capture the heterogeneity in data. This
situation was pointed out by Todem et al. (2012). Our test, on the other hand, provides a stronger evidence
for heterogeneity in the population in the view of p-values and consistent with Todem et al. (2012).

6.2 Girl Scouts data

The use of proposed score test is illustrated with girl scouts data from the study of Scouting Nutrition and
Activity Program (SNAP) by Rosenkranz et al.(2010). The objective of the study is to evaluate the effective-
ness of an intervention program for girl scout troops. In this study, seven Girl Scout troops were randomized
to intervention (3 troops with 34 girls) and to standard-care control (4 troops with 42 girls). Intervention
troop leaders trained to implement policies promoting physical activity (PA) and healthful eating opportu-
nities at troop meetings. At each troop meeting during seven meetings from October 2007 to April 2008,
a trained research assistant observed health and nutrition promotions by troop leaders using a customized
SNAP Troop Observation Form. Research assistants were blind to the condition of each troop.

For our analysis we considered the nutrition promotion activities. Number of nutrition promotions imple-
mented by troop leaders in every 5 minutes at the troop meeting was considered as the outcome variable.
We conducted our proposed score test along with the score test proposed by van den Broek (1995) and the
score test proposed by Jansakul and Hinde (2008) assuming a constant mixing weight. For van den Broek
(1995) test and Jansakul and Hinde (2008) test, the mean was considered as λ = exp(β0 + β1X1) where X1

is an indicator variable for the intervention.
Score test proposed by van den Broek (1995) rejects the null hypothesis at 5significance level. Our proposed

robust test and the score test proposed by Jansakul and Hinde (2008) fail to reject the null hypothesis. To
evaluate the test results, we consider several count models and the fitted models are compared by model
fit index Akaike Information Criteria (AIC). Additionally, in those count data models, the mean function
is considered as λ = exp(β0 + β1X1) where X1 is an indicator variable for the intervention. From Table
6.3, it is clear that negative binomial (NB) model fits data well compared to other models as the NB model
indicates the smallest AIC. The treatment effect is significant under each model indicating the intervention
program has a significant effect on the outcome of nutrition promotions by girl scout leaders. Additionally,
we compare the observed proportion of the nutritional promotions with the fitted proportions by NB model
in Figure 1. It is clear that NB model fits data well and this result is consistent with the results of robust test.
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Table 3: Comparison of score test statistic, degrees of freedom and associated p-values of homo-
geneity tests for Girl Scout data.

van den Broek Jansakul and Hinde Robust
test test test

df 1 1 1
Test statistic 56.8558 0.0302 0.057

p-value <0.001 0.8620 0.8110

7. Discussion

The proposed robust score test can address the misspecification issue under the the framework of zero-inflated
models for count data. The proposed test does not require specification of the mean function or the baseline
distribution. The test can be performed without specifying the baseline distribution specifically as Poisson or
negative binomial, and as a result it is robust to the misspecification of the baseline distribution under zero-
inflated Poisson models or zero-inflated negative binomial models, which are mostly commonly used. The
proposed test might not work well if the true baseline model is binomial. It would be of interest to study the
extensions of the test when the true underlying distribution is binomial or any other count distribution. This
test can be further extended to incorporate correlated count data. Since the true model is often unknown a
priori, robust test approach would be an efficient approach to detect heterogeneity under zero-inflated models.
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