Int. Statistical Inst.: Proc. 58th World Satistical Congress, 2011, Dublin (Session CPS046) p.5019

Wrapped weighted exponential distribution

Roy, Shongkour

Department of Statistics, Jahangirnagar University
309, Bangabandhu Hall, Dhaka 1342, Bangladesh.
E- mail: sankar1604@gmail.com

Adnan, Mian
Department of Statistics, Jahangirnagar University
Dhaka 1342, Bangladesh.

1. Introduction

Weighted exponential distribution was first derived by R. D. Gupta and D. Kundu (2009). It has extensive uses in
Biostatistics, and life science, etc. Since maximum important variables are axial form in bird migration study, the
study of weighted exponential distribution in case of circular data can be a better perspective. Although wrapped
distribution was first initiated by (Levy P.L., 1939), a few number of authors (Mardia, 972), (Rao Jammalmadaka
and SenGupta, 2001), (Cohello, 2007), (Shongkour and Adnan, 2010, 2011) worked on wrapped distributions.
Their works include various wrapped distributions such as wrapped exponential, wrapped gamma, wrapped chi-
square, etc. However, wrapped weighted exponential distribution has never been premeditated before, although this
distribution may ever be a better one to model bird orientation data.

2. Definition and derivation
A random variable X (in real line) has weighted exponential distributions if its probability density functions of form

f (x) AL (1-exp(-aAx)) ;x>0,2>0,1>0
o

where o is shape parameter and A is scale parameter.

Let us consider, &= 6@(x) = x(mod2r) (2.1)

then € is wrapped (around the circle) or wrapped weighted exponential circular random variables that for
6 [0, 27) has probability density function

o0
)= > fy(0+2mx 2.2
90)= X fx (6+2m7) @2

0
:a+1/1e’)"9 5 e,zm,,i(l_e-m(an)) 0<0<27,00>0,4>0

a m=0

where the random variable & has a wrapped weighted exponential distribution with parameter and the above pdf. as.
0 ~WWE(1,a).

The fig. 1 depicts the probability density function of the wrapped weighted exponential distribution.
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Fig. 1. Wrapped weighted exponential distribution, when 4 =1

3.  Characterization of the density

The trigonometric moment of order p for a Wrapped circular distribution corresponds to the value of the characteristics
function of the unwrapped r.v. X say @, (t) at the integer value p i.e.

#(p)=4,(t) -
In real line the characteristics function of the wrapped weighted exponential distribution

¢ (t)=E(")

+a

:ﬂz(ﬁ—it)_l(l—li—tJl

Hence, using (3.1) the characteristic function of the wrapped weighted exponential distribution be

¢(p)=/12(/”t—ip)_l( _ljr—paj . p==%1,42,%3,.... Where i=(—1)%

. b
o - irarctan(—)
Using the fact that fora, b, r € R, we may write  (a—ib)™" =(a* +b?) 7 e a

21 p 2 _% iarctan£[1+ ! ) .
#(p) 212(124_ pz) 2 12 +£m] e AL (+a) :ppelﬂp (3.2)

1 2\ 2
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3.1. Trigonometric moments and related parameters

Using the definition trigonometric moment
P, =a,+1p, ; p=x1,£2,..
Therefore, the non-central trigonometric moments of the respective distribution be

a,=p,cos(u,) and B, =p, sin(u,)

1 22
a, =22 (A% + p?) 2 /12+(Lj cos| arctan 2|1+
P 1+« A 1+ )

1 2\
B =i2(A+p?) ? /12+(L) sin| arctan 2| 1+ L
P 1+a A (l+a)

Utilizing inversion theorem of characteristic function, one can derive circular models through trigonometric
moments. These trigonometric moments can be obtained using Proposition 2.1 see Rao and SenGupta (2001) .

Hence, the pdf g(&) given by

1 ® .
g(o) = E[“ 2 pzzl(ap COS pé + ,Bp sin p&’)} :0€][0,27x) (3.3)

Using equation (3.3) we get

1 2
0@ = 1523 | 22022+ p?) 2[,12+(pj ]
2 p=1

l+a

1
1 -1 2) 2 1
cos arctanB 1+ cos p€+12(12+p2) 2 /12+(L) sin arctanB 1+ sin p@
A (1+a) l+a A 1+a)

[mofo-rom 55
cos p| @ —arctan —| 1+
i 1+a)

This is also alternative pdf form of wrapped weighted exponential distribution under trigonometric moment.

1 2
1 % -2
1423 22024 p2) 2] 42 [Lj
2 p=1 1+a

1
2

The graph of pdf of wrapped weighted exponential is given in Fig.1. Various characteristics of the same distribution
are delivered in the following Table 1.

Theorem 1. For positive integer o if 491 ~WWE(a, 4) and 6, ~WWE (a,—A) then

f,.00)=f,,(27-0) or f,,(0)=f,(27-0)

that is positive integer & , wrapped weighted exponential distribution with symmetric rate parameters have pdf that
are mirrored about origin.
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Proof: For positive integer & , we may write the pdf of the linear weighted exponential distribution as

f (X) ALY (1-exp(-aAx)) ;x>0,2>0,1>0
o

(=91 (-a)e (=A)(=x) (1-exp(-a(-2)(-¥)))
=—f(-Xa,—-A)

which shows that positive integer & ,the symmetric of f(X;a,A4) with A >0 replaced by —Ais a pdf of

R~ ,mirrored form f (X;a, A1) .
Using this result we may easily shows that for positive integer « for the WWE (¢, A ) distribution with ( 4 >0),

f,27-0:0,-2)="1,(0;0,-4)  0¢[0,27)

f,2r—0;a,-2)= Y ~f(2r—0+2mr;,~1)

m=-1
= f,(0,a, 1)

Which result shows that wrapped weighted exponential distributions with symmetric rate parameters have p.d.f’s that
are mirrored about origin.

4. Some important properties
In this section we show that wrapped weighted exponential distribution share some of the well-known properties of
their analogs on the real line.

[04 +1/1 e_;ug § e_zm;;/l (1_e—ai(0+2mﬂ') )
4.1. Hazard function: h(6) = ¢ m=0 Ry
|:1_06+1 °§ e—2m7r/1 [(1_e—/16)_e(1_e—49(/1+/1a))}]
a m=0 (1+a)

4.2. Maximum entropy property: The maximum entropy property for the wrapped weighted exponential distribution is

2
_ap o _ - 2 39 ©  _ - 2
H(O) = atl wnéoe mad a6+ mﬁ)),ln{mle wmzzoe L aA(+2mr) )}de

0 [24 o

4.3. Infinite divisibility: An angular r.v. @ (and its probability distribution) is infinitely divisible if for any

integer N > 1there exist i.i.d. angularr.v.’s 6, , 6, ,...,0, such that

d
6,+6, +...+6,(mod 27)=60 (4.3)

p.5022
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Since a circular variable obtained by wrapping an infinitely divisible random variable is infinitely divisible, the
infinite divisibility of the wrapped weighted exponential distributions follow from that of the linear weighted

exponential distribution.

4.4, Geometric infinite divisibility: An angular r.v.@ is said to be geometric infinitely divisible if for any

q € (0,1) thereexisti.i.d. angularrv.’s 6, ,6, ,...,6,,

d
such that 0,+06, +..+0, (mod 27)=6 (4.9

where V, is the geometric distributions p(v, =m) = (1— Q" 'q; m=12,3,.... (4.5)

5. Conclusion

In this study we consider reducing a linear variable to it’s modulo 2 7z and using trigonometric moment to obtain
expression for the pdf of wrapped weighted exponential distribution. Trigonometric moments, some common
properties and also some theorems are motivated here. Modules programmed in R with circstat package, Maple-12
for performing tabulation, computations and depiction are available from the author.

Table 1: Trigonometric moment and related parameters of the WWE distribution, the entries in the last column forar =1

Parameter (s) Value (s) Case o =1
Trig. moments i o oyWE " 1 T 1.5m |
e, =ANAT ) T | cos | arctan =| 1 Tiaa) (g =E LA E B+ oes | arctan| —— |
X r r T I, 4 ) \ L | J
- "1 5 1 Ny nz  f e
g (A% 4+ T 4+ =i R — 4 Y I < : [ ‘1.5 |
B, = A +p | A2+ — _Lnll.n. cran 3 |__1 1ixa// r, = AT+ %) 3 l."'" _T.: cos | amcran| :' | I|
et D i em oann e
Py and i} By =A(E +p7) T+ i,_ I o, = +pt) | £ —'f:
[ — ~-§|'1 1+ Vw1 s 1.5p% -
I L iy L | arcta [— ,w=1
== TR = SR
- T R I - tE { Laogh -
\ST T aren l-.1 1+a! ! axl |27 +arctan I_. _;_. = |
Resultant length o e 1 vV 3 e af o AVTE
e= AAT+1)7 7| A _|1—.- : p=aNA0 1) =|__«’-'—:._
A I 1 3 i 1.5%
I\/_Iedle_ln ) I| P ;I_‘.l Sl a1 ) 'l arctan ITJ Ll
direction W= o @l o= AL
= 14 1y . BE #1.5% .
| 2m + arcta —I‘l—_l_5 =l |2m =+ arca |—] ,o&>=1
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Circular y g 3 IV:
variance Vo= 1= AN (E+1)7F| A+ | Ve=1-3(F+1)77(3 42
Circular < f -3
PPN SR A R B B L 1
standard g = |—2log| B+ 1y T[ar 4| I 11 7= [—z2log| Bz TlAr+ S |
o | \ a0 | . z
deviation . \ ) .
Circular  trig. |5z =s5orosisd —pull L iR (15p1
moment w, =+ ) T+ cos| arctan] T ea
and.’f_::p:g_l_l_—,,_l\ N . : S
= iees il 3 1.5
=i tp | 2+=]  sn| arcean| il
Skewness 2 =% where v =4 where
E =i +a (s —%:-?s:’r: | arceans I:"l —— — Zoreram® B = AF(A% = 4)7T0F £ 1) Tsin I::gr'v::m:i — 2arezan -
Kurtosis ¥ = ) where I:,-;:I"/':—;'_'._-I:,J:— s )3 == T where T; = A%+ 4 .';I-:z".-_j.. i
o j 3 13
{ 2 1 I { 1 i ,_.,.__,.,,.i N TP —
| orcean =11 + | = Zawcean< |1+ .: I-Q""'")' ~Greian il
| AN 1+m L 1+uai) :
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