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1 Introduction

Linear mixed models (LMM) have received tremendous attention in the literature since the seminal paper by
Laird and Ware (1982) due to their ability to represent clustered (therefore dependent) data. Model selection
in LMM have traditionally been carried out using the marginal version of the Akaike information criterion
(mAIC), which is designed for cross-sectional data (Pinheiro and Bates (2000); Ngo and Brand (2002)). In an
important paper, Vaida and Blanchard (2005) pointed out that when the focus of the research is on the clusters
instead of the population a more appropriate criterion for selecting LMM is to use the conditional version of
the Akaike information criterion (CAIC). Since Vaida and Blanchard (2005) a number of papers have been
published recently discussing the use of mAIC and cAIC (see e.g. Liang, et a. (2008), Greven and Kneib
(2010) and Srivastava and Kubokawa (2010)). In this section we give areview of mAIC and the basic version
of cAIC proposed originally by Vaida and Blanchard (2005), which seems to be used in practice (Greven and
Kneib, 2010).

Suppose that we have datafrom m clusters, in the ith cluster the n;-vector of response y; being modeled
by yi = XiB+ Zib; + €,i = 1,---,m, where 8 = (1, ---,03,)" is avector of fixed effects, b, =
(bi1,--- ,big)" is avector of random effects, X; and Z; are the n; x p and n; x g covariate matrices for the
fixed and random effects of full column ranks. The error vectors ¢ and the random effects b; are independently
and normally distributed, ; ~ N, (0, 0%I,,,) ,b; ~ N (0, 02K) , where I, isthe n; x n; identity matrix
and G a g x g positive definite matrix. It is possible to write the linear mixed model (LMM) in a single
equation by stacking the vectors and matrices appropriately. Specifically, let n =3""" | n; be the total number
of observations, y = (y},--- ,y,,)’ the n-vector of observations, X = (X}, --, X, ) then x p covariate
matrix for the fixed effects, Z = diag (%, -, Z,,) the n x mq block diagonal covariate matrix for the
random effects, b = (), --- ,bl,,)’ the mg-vector of random effects, € = (€, - - ,€,,)’ the n-vector of errors,

)

/
and 02D = o?diag (K,--- , K) the mq x mq block diagonal covariance matrix of b. Then LMM can be
written as

b 0 o’D 0
N R A

Let f.(y|b, B,0%, K) = (2n02) /2 exp {—|y — XB — Zb|*/(20%)} denote the conditional density
function of y given b. Let p(b|K) = II}" ;p(b;| K) denote the joint density function of b. The marginal
likelihood f,,(y|8, 02, K) of y can be written as

@ At K) = G e <o - XAV - X6) |

whereV = ZDZ' + I,,. Suppose that K (therefore V') is known. Then the maximum likelihood estimators
of 4 and o can be obtained in a straightforward manner:

€) B=(XVIX)'X'Vly, 2= (y - XB)V 'y - XB)/n




Int. Statistical Inst.: Proc. 58th World Statistical Congress, 2011

bDublm (Sesson CP
Putting 3 and 52 into (20) we have f,,(y|8,5%, K) = (2r52)~" |V| 1/2¢-n/2 S0 the marginal Akaike

information criterion and the finite sample corrected version take the following respective forms
4 mAIC = nlog(275?%) +n + log |V |+ 2(p + 1),
(5) mAIC, = nlog(275?) +n +log |[V|+2n(p +1)/(n —p —2),

where p is the dimension of 8. In practice K is often unknown. In this case we may still use (4) and (5) but
with K replaced by a consistent estimator K (Srivastava and Kubokawa, 2010).

The marginal Akaikeinformation criteriamAIC and mAIC, can be viewed as estimators for the marginal
Akaike information which is defined as

mAl = —2FEqy) Egw)1og fm (w|§732’f€>

(6) = ‘2/ / tog fyn (w|8,5% K ) fun(w]8, 0% K) fin(y|8, 0% K)duwdy.

Vaida and Blanchard (2005) argue that when the focus of the research ison the clusters rather than on the
population, a more appropriate information measure should be defined in a conditional manner. They define
the conditional Akaike information as

cAl = —2EG(y,b)EG(w|b)logfc(w|/6’§782ak\)
@ = -2 [1ogs(wfo.5.5* Kglwlbla(y. b) dwiyab,

where ¢g(y, b) = g(y|b)p(b) isthe true joint density function of y and b, g(w|b) isthe conditional density of
an independent future observation w which shares the same random effect b with y with distribution p(b). In
principle B,52andbin (7) can be any estimators. Popular choices for A and 52 are the maximum likelihood
estimators given by (3), and b isthe empirical Bayes estimator given by

(8) b=E(b|B,5%,y) = DZ'V~'(y — XB).
When the 02 and K are known, an asymptotically unbiased estimator of cAl is given by
) cAIC = —2log fo(ylb, 8,02, K) +2(p + 1),

where b isthe empirical Bayes estimator in (8), E is the maximum likelihood estimator, and p = tr(H; ) isthe
effective number of degrees of freedom for model (20) with the form of

-1
_, XTx Xtz XxXT'x xTz
P="Y\z"x zTz+D! Z'x zTz) (
See Vaida and Blanchard (2005).

2 Bootstrap Information Criterion

Ishiguro et a. (1997) have proposed an extension of AIC based on the bootstrap. They call it the extended
information criterion (EIC). A salient advantage of the bootstrap method is that it uses massive iterative com-
puter calculations rather than analytic expressions, so it is free from troublesome analytic derivation of the bias
correction term; moreover, it can be applied to almost any type of models and estimation procedures under very
wesak assumption. In the bootstrap methods, the true distribution G(y) is substituted by an empirical distribution
function @(y). A random samplefrom @( ) is called bootstrap sample, and is denoted asy* = {yl, e UN T
A statistical model f(y |0*) is constructed based on the bootstrap sample y*, with 6% = 9( *). The

bootstrap version of the expected log-likelihood can be rewritten as

(10) Eg,llog f(W16)] = / log f (w]6*)dG (w Zlogf yj|0°) = tn(y]6").

p.5179
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The bootstrap estimator of the expected log-likelihood is defined as follows:

N
(11) Eg.(yllog f(W6%)] = / log f (w]6°)dG" (w) = %Zlog f(y;16%) = tn(y*167),
j=1

where G* (w) isthe empirical distribution function based on ¥*. The bootstrap bias estimate is
(12) b = NEg. [v('18") - n(y]6Y)] .
Extract B sets of bootstrap samples of size V', and write the ith bootstrap sampleasy (i) = {yi (i), ..., y5(9)}.

The bias estimate in (12) isusually numerically approximated by

B

> vy ()18 (@) — En (y (@18 ()] = b

1=1

1
1 Y —
(13) b

Where 6 (i) is an estimate of @ using y* (i). The extended information criterion is defined as
(14) EIC = —2 (NeN(y|§) - b*) :

Konishi and Kitagawa (1996) have given atheoretical justification of EIC.

2.1 Variance Reduction in Bootstrap Simulation

There aretwo kinds of errorsin the bootstrap bias estimate bz. Oneis caused by the randomness of the observed
data, the other isthe simulation error which decreases as the number of bootstrap replication increases. Konishi
and Kitagawa (1996, 2008, 2010) considered an efficient resampling method to reduce the second type of error.
Let T(-) = (T(-),...,Tp(-))T € RP be ap-dimensiona functional estimator. Then the difference between
(10) and (11) can be decomposed into three terms as follows:

(15) D(y;G) = [eN(mé) - / log f(w|§>da(w>] = Di(y;G) + Da(y; G) + Ds(y; G),

where

~

Di(y;G) = In(y|0) —In(y|T(G)),
(16) Do(y;G) = In(yIT(G)) - / log f (w|T (G))dG (w),

A~

Di(y;G) = / log £ (w|T(G))dG (w) — / log £ (1]0)dG(w),

with 6 being the functional estimator such that@ = T(@).

By taking the expectation and the variance term by term on the right-hand side of (16), we observe that the
expectation of D (y; G) iszero, so Egy) [D(y; G)] = Egy) [D1(y; G) + D3(y; G)], and Var [D(y; G)] =
O(n~ 1) andin contrast Var [D;(y; G) + D3(y; G)] = O(n2). Therefore, for the bootstrap estimate we have

@) Bgye |DW56)| = By D1 6) + Dyly'56)]

where D1 (y"; G) = (n(y*10") — (n(y*10) and D3(y*; &) = L (y8) — (n(y]6").
To reduce the fluctuation in the bootstrap bias estimation of log-likelihood, we use the following formula
as a bootstrap bias estimate:

1 B

18 b= > {Di 6 + Daly () B
=1
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3.1 Marginal extended information criterion: melC

Since the maximized marginal likelihood can be calculated straightforwardly by puttingB and 2 into (20), we
focus on the construction of the bootstrap bias estimator. Because K is often unknown, we just consider the
case for unknown K. By using the maximized marginal likelihood, the bias of the marginal likelihood is given

by:

m

(19) Z 108 Fn(y;18,5% K)| = Baw) 10§ fn(w|B ﬁ%ff\)]]

In applying the bootstrap method, the second term in §,,, namely the expected log-likelihood
B (w) [log fm(w|B,52, E)} isreplaced by E,, [log Fm(w|B*, 5%, E*)] , Where w is an n-dimensional

future variable sharing the same random effects with y, and the density function of G (w) isgiven by

I | 1
@l R = e { - XBYV i w - XA)

Further the expectation E, is replaced by the bootstrap expectation Eé(y*) of the bootstrap sample y*,
which is defined as follows

MPN . b* 0 2D 0
o vexpeme (2)-n{().(7 )

Consequently, the bootstrap estimate of b,, is given by
(22) b= Eggye |08 fuly'187,6%, K7) — Egy, [log ful(w|8", 5%, K")] |

where B* = B(y*), 2* = 5(y*)?, K* = K(y*). Using this bootstrap estimate of bias, we define the
bootstrap version of the marginal information criterion in LMM as follows:
(23) mEIC = —2 (log fin(y|8,5% K) —b},)

Furthermore, let us use the variance reduction method to reduce the fluctuation in the bootstrap bias
estimation of marginal 1og-likelihood.

(24) Z{Dm )) + D3 (y* (i)},
where
Dimi(y*(i)) = log fm(y*|B*,6%*, K*) — log fm(y’|B.5% K),
Dus(y* (i) = Egpyy [108 fm(w]B,5% K)| = Egy,,, [108 fn(w]8*,5%, K")]

3.2 Conditional extended information criterion: cElC

When we consider the bootstrap bias estimator for the conditional likelihood, in addition to the estimators
3,52 and K, we also need to estimate the random effect b, which is usually estimated by the empirical Bayes
method. The procedure to construct a conditional bootstrap information criterion in LMM is similar to that
for constructing mEIC. We use the maximized conditional log-likelihood to get the bias of the conditional
likelihood as follows:

be = Ea(y ) [108 fe(ylb, B,5% K) = Egup [log f.(w]b, B,5% K)]|.
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In applying the bootstrap method, similar to the case in constructing the marginal information criterion, the ex-

pected conditional log-likelihood, E(w|s) [log fc(w|5, B, o2, K )] is replaced by the conditional expectation
Eg_|log fo(w|b*, B*, 5%, f*)} , where G, has density function

(25) ge(w|b, B,5%, K) = (2n6%) "/ *exp {—|y - X3 - ZB|2/(232)}

In the definition of b., the joint distribution G(y,b) of y and b is replaced by the bootstrap distribution

G(y*,b*) of y* and b* using (21). Then we define the bootstrap bias estimate 4 of the conditional 1og-
likelihood as follows:

(26) be = Egy b

|:10g fc(y*rl;*a A*7 6-\2*7 K*) - E@C(w) lOg fc(wﬁ;*? 3*7 6-\2*7 K*)j|i| .
So we define the bootstrap version of the conditional information criterion in LMM in the form of
27 cEIC = —2 (log f.(ylb, B,5%, K) — b;)

As in the marginal case, to reduce the fluctuation in the bootstrap bias estimation of conditional log-
likelihood, we also use the variance reduction method:

B
@ hm g (Dal @)+ Dal )

where
Da(y'() = logfly' b, 3",5%, K) ~ log | f.(y"[b, B,5% K] ,

Des(y'()) = Eg,log |fe(w]b,B,5% K)| - Eg_log | fo(wlb*, 3,67, K")] .

3.3 Higher-order bias corrected information criteria

In this section, we focus on the second-step bootstrap bias corrected estimators of the log-likelihood and pro-
pose second-order bootstrap bias corrected information criteria. By now we have available four types of bias
estimators, in which the bias estimators in mAIC and cAIC can be calculated analytically while the bias esti-
mators in mEIC and cEIC can only be calculated numerically.

In mAIC, from (4) we know that the first-order bias estimate of the margina log-likelihood is p + 1,
so the second-order bootstrap bias estimate of the marginal log-likelihood in estimating the expected marginal
log-likelihood is given by

1* *A*A*A* A*A*/\*
(29) g 2m — Eé(y*) [lOg fM(y |/3 702 , K ) - (p+ 1) - E@(w) lOg fm(w|/3 702 , K )]
resulting the second-order bootstrap information criterion
~ 1
(30) mAICy = nlog(2752) + n + log |V| + 2 (p +1+ —b§m> .
n

Whilein cAIC, from equation (9) we know that the first-order bias estimate of the conditional log-likelihood is
given by p + 1, so the second-order bootstrap bias estimate of the conditional log-likelihood is given by

1* *A*A*A*A* A*A*/\*A*
B~ = By, [lo8 fely'[67, 867 K*) = (p+ 1) = Eg ) [log felw[b", .67 K| -
giving the second-order conditional bootstrap information criterion

~ A — 1
(32 cAIC,y = —2log f.(y|b, B,0%, K) + 2 (,0+ 1+ Eb;:) .
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Alternatively, as in defining mEIC and cEIC, we may first use the first-order bias correction of the log-

likelihood numerically by bootstrap methods. Let &, be defined asin (22). We estimate the second-order bias
of the marginal log-likelihood as follows

L x| Q% 2% Tk * ox 2% ok
(33) ﬁme :Eé(y*) [long(y |/3 702 , K )_bm_E@(w) lngm(’LULB 702 , K ) )

giving the corresponding bootstrap information criterion as

~ — 1
(34) MEIC, — -2 (log FulylB,5% ) — b, — —b§;> .
n

Similarly to get second-order version of cEIC, we use thefirst-order bootstrap bias estimate  of the conditional
log-likelihood defined by (26). The second-order bootstrap bias estimate of the conditional log-likelihood is
then given by

1 Kok x|k A% 2% Lok *
(35) EbZC = Eg ) [logfc(y |b ) 702 7K ) _bc _E@C

G(y*,b* |:]'0g fC(w|/I;*7 A*782*7K*)]] °

(w)
Thus we may define the second-order version of cEIC as follows

T a2 ~2 7~ * 1 Kk
(36) CEICQ = -2 <10g fC(y|b763027K) - bc - Eb26> .
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RESUME (ABSTRACT)

In this paper we propose bootstrap information criteria for the linear mixed model. These information
criteria are constructed using either the marginal log-likelihood or the conditional log-likelihood. Second-
order bias-corrected information criteria are also considered.
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