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One-sided EWMA control chart for monitoring high yield processes
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A one-sided Exponential Weighted Moving Average (EWMA) control chart is introduced to
monitor the fraction p of nonconforming products in high yield processes. It is designed to detect
upward shifts of p screening the non-transformed geometric counts i.e. the number of conforming
products between two nonconforming ones. Its algorithmic function is theoretically established and
numerous performance measures are extracted using simulating methods. The efficiency and the per-
formance superiority of the proposed one-sided EWMA control chart is verified through comparisons
with a recently developed high yield chart, the simple two-sided EWMA control chart. Additionally,
an algorithm of optimally designing the chart is developed and an optimality table for the most usual
parameter values is adduced.

Introduction

Automation has prevailed in the modern industry leading inevitably to the emergence of high
yield processes. Examples of such processes can be easily found in the semiconductor and telecommu-
nications industries where the fraction p of nonconforming products is usually on the order of parts
-per-million (ppm). The traditional control charts, fail to detect in time excessive out-of-control shifts
at these processes and as Goh (1987) showed, they usually result in inappropriately high false alarm
rates. The demand to effectively monitor the increasingly many high yield processes led to the devel-
opment of control charts based on the geometric counts X, the count of products inspected until a
nonconforming product is encountered.

The geometric counts were firstly studied by Calvin (1987) and Nelson (1994) followed proposing
a control chart based on transforming the geometric count X to X1/3. Similar transformations of X
were studied by numerous other researchers. Recently Chang and Gan (2001) used the CUSUM statis-
tic applying it on the non-transformed observations obtained from geometric, binomial and Bernoulli
distribution. They concluded that the CUSUM control chart performs efficiently even for very small
values of p.

The latest evolution was achieved due to Yeh et al. (2008) who implemented the EWMA
control chart on geometric counts and demonstrated its superiority in detecting upward shifts in p (in
comparison with the aforementioned CUSUM) based on simulation results.

In this paper the work of Yeh et al. (2008) is extended and refined in an attempt to obtain
increased detection sensitivity. Following the technique of Shu et al. (2007), a new one-sided EWMA
control chart is developed for monitoring the upward shifts of the fraction of nonconforming products in
a high-yield process. Shu et al. (2007) were the first to conclude (studying normally distributed data),
that the one-sided EWMA chart lacks the serious inertia feature characterizing the traditional two-
sided EWMA charts especially when the EWMA statistic is far below the target before the occurrence
of a shift.

The basic idea on which the one-sided EWMA chart is based, is the accumulation of positive (or
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negative) deviations from the target only and the truncation of the negative (or positive, correspond-
ingly) deviations from the target to zero in the computation of each EWMA statistic. It should be
noted that the use of the one-sided control chart assumes a known shift direction. In the context of the
present paper, only the increasing shifts in the fraction of nonconforming products (from py to p > po)
are examined which lead to decreasing shifts of the geometric count X. Thus, the proposed control
chart will be called hereafter lower geometric EWMA. Regarding the chart’s design, the maintenance
of a specified false alarm rate is ensured through appropriate adjustment of the chart’s control limits.
The definition of these control limits, the examination of the truncated geometric variable X and the
theoretical foundation of the one-sided EWMA statistic are presented in section 2. In section 3 the
optimal design parameters of the new control chart are extracted and its performance is investigated
with the help of appropriate comparisons with the recently developed two-sided EWMA control, chart
of Yeh et al. (2008).

One-sided EWMA control charts

In this section the work of Shu et al. (2007) is extended to the case of geometrically distributed
data and the lower geometric EWMA control chart is theoretically founded. Consider an attribute
process where each product can be conforming or nonconforming. Let X denote the number of
products monitored until a nonconforming one is encountered. If the probability of each product be
nonconforming is p, then the distribution of X is geometric with parameter p i.e. with probability
function P(X =) = (1 —p)*!p, = 1,2, .... In this case the expected value and the variance of X,
are B(X) =p=1/p and Var(X) = 0% = (1 — p)/p* correspondingly.

A high yield production process is considered to be in-control with parameter pp when there are
only random causes for its underlying variability. In this case the values X; of the variable X randomly
fluctuate around their mean value E(X;) = po. When there are significant external, assignable causes
the process is considered to be out-of-control at a quality level p. In that case the deviation of X; from
1o is considered significant and action should be taken to secure the proper function of the process.

As it is already mentioned, in this paper only the non-random increases in the fraction of
nonconforming products are examined leading the geometric counts X; to decrease. Following the
same methodology developed by Shu et al. (2007), only the observations X; below the mean g are
accumulated. Each geometric count X; is transformed into

(1) X, = min{po, Xt} = po — max{0, uo — Xt}

It is easily extracted that the mean of the new variable X, is

Ho 1+p

o _1=2p-(1-p)>
(2) E(Xt ) _MO_;(MO_Xt)f(MO _Xt) - p(l _p)

where f(up — X;) is the probability density function (pdf) of py — X;.
The quantity E(X,; %) is given by the following formula
E(X;[?) = E(ud + max?{0, uo — Xt} — 2uomaz{0, uo — X })

PP Ap 2+ (1 —p)'P(—p® +5p — 4)
p*(1—p)

3)
Then the variance of the X, is calculated considering equations (2) and (3)

(4) Var(X;) = 0% = B(X; %) - B*(X;7)
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The traditional EWMA control statistic for t = 1,2, ..., is given by the following formula
(5) Gy = XX, +(1-)G,
where 0 < A < 1 is a pre-determined smoothing parameter and Gy = pg. It can be proved that the

EWMA statistic can also be written
t—1 .
(6) Gy => M1=NX_+(1-)Go
j=0
From (6) it is deduced that the mean and the variance of the EWMA statistic are respectively (see
Montgomery, 2005)

t—1
(7) E(G)=EX)Y M1=X =EX; )1 - (1-=X"+ 1= N
=0
and
t—1
(8) Var(Gr) = Var(X;) S 21— 0 = aigﬁu — 1= a2
=0

Then, according to the EWMA control chart technique, the lower control limit (LCL) below which a
signal is produced is given by the formula replacing (7) and (8)

(9) LCL = E(Gy) — L\/Var(Gy)

where L is a pre-determined constant multiplier used to adjust (in combination with A) the in-control
performance of the EWMA control chart. Note that the term (1 — A)? involved in equations (7)-(9)
approaches zero as t gets larger. Thus, after several time periods have passed, the LCL will approach
a steady-state value (see Montgomery, 2005) given by

A

For reasons of simplicity, the limiting form of the term (1 — A)?* will be considered equal to zero
throughout this paper.

Performance evaluation and comparison

In this paragraph the performance of the proposed control chart is examined and compared to
the two-sided EWMA control chart developed by Yeh (2008). The efficiency of the control charts
is traditionally measured with the average run length (ARL) i.e. the number of Xs until a shift is
detected. However, in this paper where Xs represent geometric counts, the ARL does not compre-
hensively explain in what product the shift is detected. Thus, the alternative performance measure of
ANIS (average number of items until shift) is used. Two types of ANIS can be considered: the ANISy
describing the average number of items until a shift is detected when the process is in-control, and the
ANTIS; declaring the average number of items intervened from the item where the shift has occurred
until the item where it is detected when the process is considered out-of-control. For both forms of
ANIS the following relationship with the ARL evidently holds
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1
(11) ANIS = E{number of X} - E{length of X} = ARL - —
p

Note that throughout this paper only zero-state scenarios are considered meaning that when the
monitoring begins, the process is considered to be exactly in the center of the in-control region when
ANIS is concerned and in an out-of-control state when ANIS; is concerned. Both forms of ANIS are
calculated through monte carlo simulations involving 250,000 replications through an optimization
procedure: firstly, the desired ANISy, the smoothing parameter A and the shift level that is interested
to be quickly detected, are specified. Then the parameter L is appropriately chosen to minimize the
ANTS; at the specified shift while in the same time satisfies the ANISy. This optimization design was
implemented both on the lower and the two-sided EWMA control chart of Yeh et al. (2008) and some
representative results are cited in table 1.

More specifically, table 1 presents the out-of-control ANIS; of the two control charts when the
in-control ANISy is 50,000 and 70,000. The initially in-control values of py take the values 0.0001,
0.0002 and 0.0003 and various upward shifts are examined. Two different values of the smoothing
parameter A were chosen, A = 0.1 and 0.5. For each chart and for given A and ANISy, the optimum
parameter L is calculated to minimize the ANISy considering a shift at p = 0.0005.

A close examination of the table 1 reveals a similar optimality behavior of the two charts for both
examined values of A\. More specifically, the optimal L slightly increases with the in-control fraction
po of non-conforming products. For example, for the case of A = 0.1, when the ANISy = 70,000, the
optimum value of L for the detection of a shift from py = 0.0001 to p = 0.0002 (100% increase in
quality level) is 0.214 for the lower EWMA control chart and 0.250 for the two-sided chart. On the
other hand the optimum value of L for the detection of a shift from py = 0.0003 to p = 0.0006 (also
100% increase in quality level) is 0.806 and 0.765 correspondingly. The same holds for the case of
A=0.5.

Table 1 also facilitates the immediate comparison of the two control charts for the detection of
the same shifts and under their optimum parameter A. For every examined shift the lower geometric
EWMA control chart is more sensitive as its ANIS; is by far smaller than the corresponding ANIS;
of the two-sided EWMA control chart.

Conclusion

The evolution of the modern manufacturing techniques has led inevitably to the emergence of
increasingly many high yield processes and the demand for the development of extra sensitive control
charts. In this attempt a new one-sided EWMA control chart is proposed for monitoring geometric
counts. The comparison of the new control chart with the older two sided EWMA control proposed
by Yeh et al. (2008) chart reveals its superior sensitivity. Undoubtedly, extended research could be
conducted in the future on the proposed control chart. For example, the behavior of the chart could
be tested under the scenario of fast initial response (FIR). Moreover more work has to be done to
extract its performance measures with analytical techniques like Shu et al. (2007) proposed based on
Markov modelling.



p.6747

74DY2 104300 ('WINMHA) VINM T P2prs-omy ay3 puv (IlWNMH) VINMH 21432036 42mo] ay3 40f IGIN Y P2a21yov ay) puv T wnwiid)

c9¥S 72Se €769 Ge9zg G09% 099% T06. ¥¢6c | L0000

€08. 18L€ 7626 L98¢ G629 L06€ 076L veey | 900070 £000°0
SSFTT QTLS SFIFT 7989 7088 0259 FOCTT 86cL | S000°0

910T¢ evLeT 9.68% 9z6ST 72691 80971 €CETT €1LLT | $000°0
00'T=T 6¢v'T=7T| €OT'T=T T09T=T | 6090=T 259°0=T | G9L°0=T 908°0="1 a 0d
0L2¥ L93¢ L1€¢ €6CT €6£¢ 1633 61ST 6922 | 90000

9z.8 860¢ 716 ¥81¢ 905¥ 8€0¢ 80.LS €LTe | S000°0 2000°0
apes GG0G 69STT 9€2G L299 1567 7868 196¢ | 00070

zs091 2980T 0£T 0,921 9¢eTT 29601 82691 Z89z1 | £000°0

068°0 =T T0Z'T=T | 000'T=T %8¢ T=T | T0F0=T €07 0="T | 655°0=T GGG 0="T d 0d
16¥% 7602 LGT¢ 82TT 9L0¢ 080% e go1z | S000°0

9¢re 128¢ X357 788¢ €0.L¢ 16T 766¢ €08¢ | ¥000°0 10000
cLes 90¢¥ 6669 291 €68 0LT¥ LIGY €0TF | €000°0

zeeoT €698 G99¢T 8T¥6 00¥.L 0118 0788 ¢eL8 | 20000
919°0=T O0FL0=T | €5L°0=T OTO'T=T | IST0=T &L00=T | 0S¢ 0=T ¥1c0="T

WINME  IVINMA | VIO IVINNA | TVINNET IVINME | 'VINNE IVIAME a 0d

00005 00002 00009 00002
0=\ T0=Y

OSINV 97e)s-0107

Int. Statistical Inst.: Proc. 58th World Satistical Congress, 2011, Dublin (Session CPS070)



Int. Statistical Inst.: Proc. 58th World Satistical Congress, 2011, Dublin (Session CPS070) p.6748

REFERENCES (REFERENCES)

Bourke, P. D. (1991). Detecting a shift in the fraction of nonconforming items using run-length control
charts with 100% inspection. J. Qual. Tech., 23, 225-238.

Brook, D. and Evans, D. A. (1972). An approach to the probability distribution of CUSUM run length.
Biometrika. 59, 539-549.

Calvin, T. W. (1983). Quality control techniques for ’zero defects’. IEFE Trans. Compon. Hybrids
Manuf. Technol., 6, 323-328.

Chang, T. C. and Gan, F.F. (2001). Cumulative sum charts for high yield processes. Stat. Sinic., 11,
791-805.

Farmakis, N. (2003). Estimation of Coeflicient of Variation: Scaling of Symmetric Continuous Distribu-
tions. Statist. Trans. 6, 1, 83-96.

Goh, T. N. (1987). A control chart for very high yield processes. Qual. Assur., 13, 18-22.

Lucas, J. M. and Saccucci, M. S. (1990). Exponentially weighted moving average control schemes:
properties and enhancements. Technometrics, 32, 1-12.

Montgomery, D. C. Introduction to Statistical Quality Control, 5th ed., Wiley, New York, 2005.

McCool, J. I. and Motley, T. J. (1998). Control charts applicable when the fraction nonconforming is
small. J. Qual. Tech., 30, 240-247.

Nelson, L. S. (1994). A control chart for parts-per-million nonconforming items, J. Qual. Tech., 26,
239-240.

Shu, L. J., Jiang, W. and Wu, S. J. (2007). A one-sided EWMA control chart for monitoring process
mean, Commun. Statist. Simul. Comput., 36, 901-920.

Yeh, A. B., Mcgrath, R. N. and Sembower, M. A. (2008). EWMA control charts for monitoring high-yield
processes based on non-transformed observations, Int. J. Prod. Res., 46, 5679-5699.

Woodall, W. H. and Mahmoud, M. A. (2005). The inertia problem of quality control charts, Technomet-
rics, 47, 425-436.



