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Asymptotic optimality for sliced inverse regression
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1 Introduction

Dimension reduction in regression aims at improving poor convergence rates derived from the non-
parametric estimation of the regression function in large dimension. It attempts to provide methods
that challenge the curse of dimensionality by reducing the number of predictors. A specific dimen-
sion reduction framework, called the sufficient dimension reduction (SDR) has drawn attention in
the last few years. Let Y be a random variable and X a p-dimensional random vector. To reduce
the number of predictors, it is proposed to replace X = (Xi, ..., X,)T by a number smaller than p of
linear combination of the predictors. The new covariate vector has the form PX, where P can be
chosen as an orthogonal projection on a subspace E of RP. Clearly, this kind of methods relies on an
alchemy between the dimension of E, which needs to be as small as possible, and the preservation
of the information carried by X about Y through the projection on E. In [5] and [2] a dimension
reduction subspace (DRS) is defined by the conditional independence property

(1) Y L X|PX,

where P. is the orthogonal projection on a DRS. With words, it means that knowing P.X, there is no
more information carried by X about Y. It is possible to show that (1) is equivalent to

(2) P(Y € A|IX) =P(Y € A|P.X),

for any measurable set A. Moreover under some additional condition (see [2]), the intersection of all
the DRS is itself a DRS. Consequently, there exists a unique DRS with minimal dimension and we
call it the central subspace (CS) [2]. In this article the CS is noted E, and we assume its existence.

The present work deals with a part of the literature based on the principle of inverse regression;
i.e. instead of studdying the regression curve which implies high dimensional estimation problems, the
study is focused on the inverse regression curve E[X|Y = y| (order 1) or the inverse variance curve
var(X|Y = y) (order 2). Here we are only concerned with the order 1 moment based methods. These
methods include sliced inverse regression (SIR) [5], kernel inverse regression (KIR) [6], parametric
inverse regression (PIR) [1], and inverse regression estimator (IRE) [3]. For many different aspects
not detailed here, SIR is the indisputable leader of the previous enumerate and we refer to [3] for a
full background about inverse regression.

As quoted before, there exists a large range of methods aiming at the estimation of the CS.
By introducing the order 1 test function methodology (TF1), we try to propose a general point of
view about SDR. The original basic idea of TF1 is to investigate the dependence between X and Y
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by introducing nonlinear transformations of Y, and inferring about the CS through their covariances
with X. Hence, the CS is obtained by inspection of the range of E[X1(Y)], where 1 varies in a
well chosen family of functions. Methods deriving from TF1 provide an exhaustive estimation of the
CS under the same conditions than SIR. Moreover, an asymptotic variance analysis leads us to the
optimal transformation of Y for the estimation of the CS.

This article is organized as follows. In section 2, we introduce TF1 and the conditions for its
exhaustiveness. The choice of the optimal transformation of the response is detailed in section 3 in
which a plug-in method is proposed.

2 The test function methodology

To explain our next results in a simple way, we introduce the standardized covariate Z = Z_%(X -
E[X]) with ¥ = var(X). Hence we define the standardized central subspace equal to S2E,. Since
there is no ambiguity we always note it F.. We denote by P. the orthogonal projection on F. and we
note dim(E.) = d and Q. = I — P.. For any matrix M, we note span(M) the space generated by the
columns of M.

2.1 Basic ideas

Model (1) implies that all the information detained by Z about Y is carried by P.Z. To find E., as
pointed out by [5] and explained in many articles on the subject, a natural idea is to focus on the
inverse regression curve E[Z|Y]. Actually, if (1) holds, we can write the inverse regression curve as
E[E[Z|P.Z]|Y]. If in addition, E[Z|P.Z] € E., then E[Z|Y] is with probability 1 a vector of E.. The
previous idea is the cornerstone of many dimension reduction methods and TF1 is also based on it. SIR
consists in estimating the matrix Mgrr = E[E[Z|Y]E[Z|Y]] which column space is included in the CS,
whereas TF1 general approach is interested in vector families of the kind E[Z1(Y)], ..., E[Z4(Y)] for
some set of measurable functions v : R — R. We need an assumption frequently used in dimension
reduction, called the linearity condition.

Assumption 1. (lineariy condition)
ElQ.Z|P.Z] =0 a.s.

Theorem 1. Assume that Z satisfies Assumption 1 and has a finite first moment. Then, for every
measurable function ¢ : R — R such that E[Z¢(Y)] < oo, we have

E[Z)(Y)] € E..

Proof. Thanks to the existence of the central subspace, E[Z¢(Y)] = E [E[Z|P.Z]¥(Y)], and thanks to
the linearity condition, Q.E[Z¢(Y)] = 0. O

The previous theorem is not really new. Yet, it makes a simple link between TF1 and the CS
by providing a vector in E. for every measurable function. Without additional assumption none of
the spaces generated by SIR and TF1 cover the entire CS.

2.2 Covering the central subspace

In this article, two kinds of conditions can be distinguished. Those that allow such a characterization
of the CS, and those that guarantee to cover the entire CS. As a consequence of Theorem 1, spaces
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generated by (E[Zv1],...,E[Z1),]) are included in E.. Our goal is to obtain the converse inclusion.
Because TF1 is an extending of SIR, this one has a central place in the following argumentation. We
start by giving a necessary and sufficient condition for covering the entire CS with SIR. Then under
the same condition we extend SIR to a new class of methods.

Assumption 2. For every nonzero vectors n € E., En” Z|Y] has a nonzero variance.

Lemma 1. If Z satisfies Assumption 1 and has a finite second moment, then Assumption 2 implies
that span(Mgrr) = E. and conversely.

Proof. Under the linearity condition, span(Mgrr) = E,. is equivalent to n” Msrg n > 0 for every
n € E.. O

We now extend Lemma 1 to TF1. To state the following theorem, we introduce the function
space L1 (0(y)u(dy)) defined as

Ly (0(y)u(dy)) = {u: R — R; /R [u()|0(y)(dy) < +o0},
where 6 : R — R} and p a real measure.

Theorem 2. Assume that Z and Y satisfy Assumptions 1 and 2. Assume also that Z has a finite
second moment. If U is a total countable family in the space L1 (E[||Z|||Y = y]Py(dy)), then we can
extract a finite subset g of ¥ such that span (E[Zy(Y)], ¥ € ¥y) = E..

Proof. Lemma 1 provides that {E[ZE[Z;|Y]], k = 1,...,p} is a generator of E.. First, let us show
that any vector of this family can be approximated by E[Z¢(Y)], where ¢ is a linear combination of
functions in W. Let ¢ > 0 and k € {1,...,p}. Since ¥ is a total family in L, (E[||Z|||Y = y|Pyv(dy)),
there exists ¢y a finite linear combination of functions in ¥ such that,

EE[Z][[Y] [¢x(Y) — E[Zk|[Y][] <&,
besides, we have

IE[Z¢1(Y)] — E[ZE[Zx|YT]]]

I EE[Z]Y] (¢r(Y) — E[Z[Y]]]
EE[Z] Y] |or(Y) - E[Z Y]] ],

IN

and therefore,

(3) [EZon(Y)] - E[ZE[ZV]]] < <.

Here an important point is that E[Z¢(Y)] € E., it implies that
(4) Span (E[Zék(Y)L k=1, 7p) C Span(MSIR)7

Moreover, (3) and the continuity of the determinant involve that the rank of the set of vectors
E[Z¢x(Y)] is equal to d if € is small enough. Then, instead of an inclusion (4) become an equal-
ity and we complete the proof by recalling that each ¢y is a linear combination of a finite number of
functions in W. O

Theorem 2 assumes that the family is total. Some mild conditions can be found in [4]. Let us
recall their main result.

Theorem. (Y. Coudéne) Let p € [0, 00[, p a borelian probability measure on [0, 1], and fy : [0,1] — R
a family of bounded measurable functions that separates the points:

Ve,y € [0,1], x #y, In € N such that fn(z) # fu(y).

Then the algebra spanned by the functions f, and the constants is dense in L,([0, 1], ).
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Accordingly, we can apply Theorem 2 with any family of functions that separates the points,
for example polynomials, complex exponentials or indicator functions. To make possible a simple
use of this theorem we need to recall this result. If u = (u1,...,ug) is a RP vector family, then
span(uu?) = span(u). Thus, if we denote by 91, ...,%y some elements of a family that separates the
points, then the CS can be obtained by making an eigendecomposition of the order 1 test function

matrix associated to the functions 1, ..., Yy defined as
Mrpy =Y E[Zyn(YV)E[Zyn(Y)]T.

Especially, the eigenvectors associated to a nonzero eigenvalue of any order 1 test function matrix
span the central subspace.

3 Choice of the test function for asymptotic optimality

Theorem 2 implies that the subspace E, can be covered in totality by the family of vectors {E[Z 1y i)y, h =
1,...,H}. Actually, it is possible to extract d orthogonal vectors living in the space spanned by this
family, and then it provides us a basis of the central subspace. This procedure is realized by SIR.
Nevertheless, the issue here is somewhat more complicated, we want to find d orthogonal vectors that

have the minimal asymptotic mean squared error for the estimation of the projection P,. We define

(5) MSE=E [||Pc _ ﬁnHQ] :

where || - || stands for the Frobenius norm and P, is derived from the family of vectors 7j = (71, ..., 7j4)
defined as

SO B _
e = n Zzﬂbk(yl) with (V) = (]l{YeI(l)}» -"7]1{Y6](H)})Oék; = ]l}T/ozk,
i=1

where a; € RY. Besides, we introduce n = (11, ...,nq) with nx = E[Z¢(Y)]. Consequently, we aim
at minimizing the MSE according to the family (¢;)1<x<d, or equivalently according to the matrix
a=(a1,...,aq) € RT*4 Moreover, since we have

MSE = E[tr(P — P,)Y
= A+ Ed—2te((I — Qo))

~

(6) = E[d - d] + QE[tr(Qcﬁn)]a

and we suppose that d is known, the minimization of MSE results only on the minimization of the
second term in the previous equality. Hence, this naturally leads us to the minimization problem

min lim nE[tr(Qcﬁn)L

« n—oo

under the constraint of orthogonality of the family (7y)1<k<q4. For a more comprehensive approach, we
choose to minimize the expectation of the limit in distribution, instead of the limit of the expectation
when n goes to infinity, of the sequence ntr(Qcﬁn). To set out clearly the next proposition, let us
introduce some notations. Define the matrices

C=(Ci,....Cq) with C}f = E[Z]I{Yel(h)}]v
D = diagdh with dh = (]E [”QCZHQH{YeI(h)}]) N
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and
G=D"3:0TCD 5.

The matrix G is the Gram matrix of the vector family (Cj/v/dp)1<n<m, Theorem 2 ensure that its
rank is equal to d. Besides, G is diagonalisable and so we define P = (P} Py) € RP*(@+(P=d) guch that

prgp = (Do 0
0 0/’
where Dy € R4*4,

Proposition 1. The random variable ntr(QP,) has a limit in law Wy, as n — oo. The minimization
problem

7) min E[W,] we n'n=Id,
nn

_1
has a unique solution, up to orthogonal transformations, given by o = D_éplDO Z,

Proof. We first calculate the expectation of the limit in law of the sequence ntr(QP,) and then we
solve the optimization problem. Since

ntr(QP,) = nte(@Qn (7'M
= (V@ —n")QVn@—n) @),
Slutsky’s theorem and the continuity of the operator tr(-) provides that ntr(Qﬁn) converges to

tr(67Q6) in distribution, where § € RPX? is the limit in law of the sequence /n(7j — n), i.e. a
normal vector with mean 0. Thus it remains to calculate the expectation of this limit, notice that

d
E(Wo] =E [tr(67Q0)] = Y tr (QE[5:67]),
k=1

where §, stands for the limit in law of the sequence v/n(ny — nx). Finally, since its variance is equal
to var(Zx(Y)) and using the linearity condition, we have

d

8) E[Wa =) E[IQZ| v(Y)?].

k=1

Now let us reformulate the minimization problem in terms of matrix «. First, from (8) and
using that the I(h) are pairwise disjoint, we have

d
9) EWa =3 ol E[|Q.2|1y1¥]ax = tr(a” Do),
k=1

and also,
(10) nTn=alCTCa = (D%a)TGD%a.
From (9) and (10) we set out the equivalent minimization problem

min tr (aTDa) u.c. (D%oz)TGD%a =Id,

[0

then, from the variable change U = PTDa we derive

min tr(UTU) we UT Do 0 U =Id.
U 0 0
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By writing U? = (U{,U}") we notice that there is no constraint on Us, which implies that Us = 0.
Consequently, it remains to solve

(11) min tr(UhUY) we. UUL = Dy,
1

where U; € R¥9, Clearly, in (11) the quantity to minimize is fixed by the constraint. Then, a solution
1

of it is given by U; = D, 2 H where H is any orthogonal matrix. Hence, the solution of (7) is
_1
(12) a=D 2PU =D 2PD,*H
where H is any orthogonal matrix. O

Proposition 1 provides the expression of the optimal functions 1, ...,14. It is easy to show that
their associated vectors n = (1, ...,74) are such that

Mrpin = nDo,
T
where Mrp, = th1 C'&fh . Hence we propose to follow this algorithm :

0. Standardization of X into Z. Initialize @C =1.

1. Compute
~ 1 A A~ 1S 7 o~ CiCiy
dn = 5 D NQZilPLiviermy, Ch =1 ) Zilpvierwy and Mrpy=) ==
i=1 =1 =

2. Extract = (71, ...,7q): the d eigenvectors of ]\/ZTpl with largest eigenvalues.
3. Qo=1I—7mn’.

Steps 1 to 3 are repeated until convergence is achieved and then 7 is the estimated basis of E. derived
from TF1. Simulations comparing TF1 to SIR will be presented at the oral presentation.
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