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Estimation of the third order parameter in extreme value statistics
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Introduction

A distribution is said to be of Pareto-type if for some «y > 0 its survival function is of the form:
(1) 1-F(z)=a"Y"p(x), x>0,

where £ denotes a slowly varying function at infinity, i.e.

@F()\m')

The Pareto-type model can also be stated in an equivalent way in terms of the tail quantile function
U, where U(x) :=inf{y : F(y) > 1—1/x}, > 1, as follows

—1lasxz — oo for all A > 0.

(2)

3) Ulz) =a2"y(w),

with ¢y again a slowly varying function at infinity (Gnedenko, 1943). The estimation of the parameter
v has received a lot of attention in the extreme value literature; we refer to Beirlant et al. (2004)
and de Haan and Ferreira (2006) for good accounts of such estimation procedures. Consistency of
estimators for v can typically be achieved under (1), which is a first order condition, whereas estab-
lishing asymptotic normality requires more structure on the tail of F'. This extra structure is typically
formulated in terms of a second order condition on the tail behavior, the so-called slow variation with
remainder condition; see de Haan and Ferreira (2006). Let D,(z) := [’ u’~tdu = (2¥ — 1)/p, > 0,
p <0.

Second order condition (Rg) There exists a positive real parameter v, a negative real parameter p
and a function b with b(t) — 0 for t — oo, of constant sign for large values of t, such that

lim InU(tz) —InU(t) — ylnx
t—o0 b(t)

=D,(x), Vo >0.

Let us remark here that condition (R2) implies that |b| is regularly varying of index p (Geluk and de
Haan, 1987), and hence the parameter p determines the rate of convergence of InU(tx) — InU(¢) to
its limit, being yInx, as t — oc.

Although the estimation of the second order parameter p is challenging, both from a theoretical and an
applied perspective, several estimators for p that work well in practice have recently been introduced,

and their asymptotic properties studied. Consistency of these estimators can be established under
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(R2), whereas asymptotic normality requires again a further condition on the tail behavior, the third

order condition. Denote

/ Y~ 1/ P du dy

P68 _ 1 P _1
N 5<xp+5 _mp ) v 0mB<0

Third order condition (R3) There exists a positive real parameter -y, negative real parameters p
and f3, functions b and b with b(t) — 0 and b(t) — 0 for t — oo, both of constant sign for large values
of t, such that

ImU(tz)-InU({t)—yInz DP(CC)

lim 0 =
t—o0 b(t)

=H,3(x), Yz >0.

Note that under condition (R3) it can be proven that |b| is regularly varying of index §. In this paper

we develop a class of estimators for the third order parameter 5.

Construction of the estimator

Consider Xj,..., X, independent and identically distributed (i.i.d.) random variables according to a
distribution function F' satisfying (1), with associated order statistics X1, < -+ < X, . Let T}, 1, (K)
denote a kernel statistic with kernel function K:

@) Tnp(K): kZ <k+1> i

where Z; := j(In X;,—j4+1,n —In X, ), the so-called scaled log-spacings of successive order statistics
introduced in Beirlant et al. (1999) and Feuerverger and Hall (1999). Further, for 3, p < 0, let

1 1
= u)au 0'2 = 2’l,L U
pk) = [ K, ()= [ K

1 1
L(K,p) = /OK(u)u_pdu, L(K,p,5) ::/0 K(u)u_pu 3

In this paper we will consider statistics of type (4) with a log-weight function
(—Inw)®
I'(a+1)’
with @ > 0 and where I' denotes the Gamma function, i.e. I'(w foo ~Tp@=ldr (w > 0), as basic

building blocks for the class of estimators for 3. Therefore, we Start with studying their asymptotic

du.

Lo(u) := € (0,1),

behavior. The following proposition gives the asymptotic distributional representation of T;, j(Lq)
under (R3). Let Y7, <--- <Y, , denote the order statistics of a random sample of size n from the
unit Pareto distribution, with distribution function F'(y) =1—1/y, y > 1, and

. .
P La (f) (5 - 1)
o(La)
with Fy, ..., Fy ii.d. Exp(1) random variables.

Ni(La) = Vk

Proposition 1 Let Xy,..., X, be i.i.d. random variables according to a distribution satisfying (Rs).
If k — oo such that k/n — 0 we have that
Ni(La)

D
Tn,k(La) = ’Y+70(La)

Vk

+b( n— kn)g( n— kn)I2(La,P,,8)(1+01P>( ))+b( n— kn)OlP’ (\/_—>
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This proposition follows immediately from the fact that T, (ILy) is an element of the class of kernel
statistics studied in Theorem 2 of Goegebeur et al. (2010). Note that

1 1 1 1
Il(La,p) = m, IQ(LOupa/B) = E (1 —p— 5)04-{-1 - (1 _ p)a+1 )
I'2a+1
7 (La) = %

The basic idea is now to use Proposition 1 to construct differences and ratios of statistics T}, x(La),
chosen in such a way that the term involving Is(LL,, p, 8) becomes the dominant one.

For arbitrary positive real parameters o and &, we denote
Il(aad’p) = Il(La’p)_Il(Ldap)a 12(()4,54”0,5) = IQ(La’p’ﬁ)_IQ(Ld,paﬁ)'
From Proposition 1 we have that if vkb(n/k) — oo

Tn,k(La) - Tn,k(L&) P
To k(L) — Thk(La)

where & is again an arbitrary positive real parameter. Now, in order to make the term involving

_h(a,a,p)  (1=—p)r -1
T Li(a,a,p) (1—pad -1

(o, @, a, p)

U, k(o &, )

I (v, p, B) the dominant one, we construct a ratio of differences of statistics ¥y, (e, &, &), with appro-
priately chosen parameters o, & and &. Setting 0 < 7, < 75 < 73 and 0 < 41,09 < 71, consider the
statistic

U, k(11 = 01, 71,71 — 02) — Wy (T2 — 01, T2, T2 — O2)

Api(7,0) =
,k(T ) \Iln,k;(7—2 - 61a7—2’7—2 - 62) - \Iln,k;(T?) - 61,7—3’7—3 - 62)

where 7/ := (71,72, 73) and 8’ := (1, d2), and the function

c1(m1 — 61,71, 71 — 62, p, B) — c1(m2 — 01,72, T2 — 02, p, )
c1(r2 — 61,72, 72 — 62, p, B) — c1(m3 — 01,73, 73 — 02, p, )
— (l—p—py I-=p-BA-p"-1A-p-p"Q —P)TQ,
I=p=B)A=p)2=(1—p=B)2(1—-p)»

A(T, p, B)

with

12(04,5%/0’/8) - ¢(O"d,dap)-[2(da d’pa/ﬁ) )

(5) Cl(a’d’dap, 5) = Il(d & ,0)

Lemma 1 The function 5 +— A(T,p,3) is decreasing for € (—o0,0) with

T2 —T1

lim A(r,p,p) =— and lim A(r,p, ) = +o0.
B—0— B——o0

T2 — T3

Now, consider the estimating equation A,, (7,d) = A(T, p, §), from which the estimator for 3 can be
obtained by inversion:

Bk (T,8,p0) = AN (T, p, Ay i (T, 9)),

provided A, ;(7,0) > —(12 — 1) /(T2 — 73).
Asymptotic properties

Theorem 1 Let Xi,...,X, be i.i.d. random wvariables according to a distribution satisfying (Rs).

Then, if k — oo such that k/n — 0 and Vkb(n/k)b(n/k) — oo we have that Ay (T, ) 5 A(T,p, B)

and that ﬁAmk(T, d,p) L B. Further, if p, ;. is a consistent estimator for p, then also Bn,k(r, 8,0, 1) LN

B.
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The recent extreme value literature contains several consistent estimators for the second order pa-
rameter p that work very well in practice; see e.g. Gomes et al. (2002), Fraga Alves et al. (2003),
Ciuperca and Mercadier (2010), and Goegebeur et al. (2010). In these papers it is shown that con-
sistency of the estimators for p can be obtained when the sequence k satisfies k — oo with l::/ n—0
and \/zb(n/lvf) — 00. Moreover, if additionally \/%b(n/lvf)l;(n/lvf) — A1 and \/EbQ(n/lvf) — Ay we can
obtain asymptotic normality for pAnJ;, when appropriately normalized. In the framework of Theorem

1, k can be taken equal to k, the number of extreme values used in the estimation of 5. Indeed,
VEb(n/k)b(n/k) — oo implies that vkb(n/k) — oo, and hence p,,  will be consistent for p, though
for such a sequence we may no longer guarantee asymptotic normality of the normalized py, ;.

We now establish that our class of estimators for the third order parameter, when appropriately nor-
malized, converges in distribution to a normal random variable.

Denote

Ry 5.n(x) /1yp 1/ b= 1/ s"Yds du dy

1 { (xﬂ+ﬁ+"1 xpl) 1 (xﬂ+ﬁ1 xpl)] 3
= - - Y - ) x>oapa an<0
nlB+n\ p+B+n p B\ ptpB p

Fourth order condition (Ry) There exists a positive real parameter vy, negative real parameters p,
B and n, functions b, b and b with b(t) — 0, b(t) — 0 and B(t) — 0 fort — oo, all of constant sign for
large values of t, such that

) 1 1 (InU(tx) —InU(t) —yInz B o). Ve
tli)r&% [% ( b(t) - Dp(@) - Hp,ﬁ(x)] = Rppn(z), Vo>0.

It is shown in Fraga Alves et al. (2006) that |b| is regularly varying with index of regular variation .

We start with the expansion of the statistic T}, 5 (K) under (R4). This result is more general than
what is needed in the present paper, but is of interest on its own as such an expansion for a general
kernel statistic is to date not available.

We impose the following conditions on the kernel function K.

Condition (K) Let K be a function defined on (0,1) such that
(i) K(t) = 1 fo v)dv for some function u satisfying |( ‘ k+1) f(?/(lf+1k+1) u(t)dt| < f(k%—l) for some
posztwe continuous and integrable function f defined on (0,1),

(1) + S5 K () = #(K) + o(1/VE) for kb — o,

(iii) + zj K (k+1> <#)_p =NL(K,p) —1—0(1/\/%) for k — oo,
(i) 15 K () (1) " = 0+ B) + o(U/VE) for k> oo,
(v) o*(K) < oo,

(vi) max;e(y, k) ‘K (ﬁ)‘ = o(Vk) for k — oo,

(

V11 K(u u|p| 1=equ < 0o for some € > 0.
) fy 1K (w)]

Denote

1 [t -B-n _ 1 -8 _1
I3(Kap,5’77) = EA K(u)u_p <u 5+77 - “ 5 >du
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Theorem 2 Let X1,..., X, be i.i.d. random variables according to a distribution satisfying (R4). If

further (KC) holds, then for k — oo such that k/n — 0 we have

Ny (K)
\/_

+b( )B(Yn k,n

+0(Yn—n)b

Ton(K) 2 yu(K)+ 5o (K) (1+ 0p(1)) + b(Yn—kn) 1 (K, p) + b(Yn—1n)Op(1/VE)

V2(K, p, B) + b(Yn— kn)B(Yn kn) (1/\/E)
)o(Yo—km)b (Vo) Is(K, p, B,m)(1 + 0p(1)),

where Ni(K) is an asymptotic standard normally distributed random variable.

For the log kernel function L, we have

1({ 1 1 1
I3(La, p, B,m) = Z{ﬁ+n[(1_p_5_77)a+1_(1_p)a+1}

_%[(1—piﬁ)“+1 _(1—;)““]}'

We now establish the asymptotic normality of our estimator. In this we will use the following notation:

13(047547/77/8777) = 13(La7p75777) _13(1[“547/)7/8777)7
I A — v, o p) I3 (o &
CQ(O&,d,d,ﬂ,ﬁ,’l’]) — 3(a7aap75777) w(?acfa(:%p) 3(047047%5777)’
Il(a7a7p)
I L(a, é - v, 0, p)I3(0, G
Cg(Oé O[ & P, ) — 2(0[ « p,ﬁ) 2(04,04,/0%8{ ~¢(a’a,aap) 2(04,04’/),5),
Il (Oé,Oé,p)
Ni(e,&,7) = v[o(La)Nk(La) — o(La)Ni(La)],
Nk(a Ck & VP ) _ N]g(Oé,Oé,’)/)—w((f,(iz,a,p)Nk(Oé,Oz,’}/)’
Il(a7a7p)
Vk(leTQ, Vs P ) = Nk(Tl - 61,7—157—1 - 52,%/0) - Nk(7—2 - 6157—257—2 - 52,’%/0),
di(11,72,0,p,8) = ci(m1 — 01,71, 71 — 02,p,B) — c1(m2 — 01,72, 72 — §2,p, ),
da(71,72,0,p,3,1m) ca(m1 — 01,71, 71 — 02, p,8,m) — ca(T2 — b1, T2, T2 — 2, p, B,7),
d3(11,72,0,p,8) = c3(m1 — 01,71, 71 — 02,p, B) — c3(m2 — 91,72, T2 — 2, p, ),
Vk 7'177'275777/) _A 7'7[77/8 Vk T27T376777p
Vi(r6,70.8) = ) A Wil )
di(72,73,0,p,3)
d 0 —A d 0
dQ(T,(s,p,,B,T]) — 2(T17T27 =P75777) (7'7/)7/8) 2(7-277—37 7[)7/8777)7
di(72,73,0,p,3)
— A
dg(T,(s,p, 5) = d3(T17T2767p7 5) (T=P7 5)d3(7—277-3767p7 5),
di(12,73,6,p, 3)
v(7,8,7,0,8) = Avar(Vi(7,8,7,p,5)).
Theorem 3 Let Xi,...,X, be i.i.d. random wvariables according to a distribution satisfying (R4).

Then, if k — oo such that k/n — 0, VEb(n/k)b(n/k) — oo, VEb(n/k)b(n/k)b(n/k) — A\ and
VEb(n/k)b?(n/k) — Ao we have that

\/Eb(n/k)g(n/k)[An,k(Ta 5) - A(Tap7 ﬂ)] 2) N()‘ld2(7-7 67p75777) - )‘2d3(7-7 67/)7/8)7?}2(7-7 577ap7 B))

Let A'(7,p,B) := dA(T, p, 8)/df and set

7 d 56, )y M
d2(T’6ap,B?n) 25;;(7_ Z g)n)’
7 d 56, ’
d3(T’6’pa/8) jx(/q(-q_ ppﬁf)a
2
?72(‘7',(5,’)’,p, 5) v (Taé,%ﬂ, ﬁ) )

[N (7, p, B)]?
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A straightforward application of the delta method establishes the asymptotic normality of the estima-
tors Bn,k(T, d,p) and Bmk(T, d,p, 1) for B. The result is stated formally in the next theorem.

Theorem 4 Let Xi,...,X, be i.i.d. random wvariables according to a distribution satisfying (R4).
Then, if k — oo such that k/n — 0, VEkb(n/k)b(n/k) — oo, VEb(n/k)b(n/k)b(n/k) — A and
VEb(n/k)b?(n/k) — Ao we have that

5 3 D 5 5 -
\/Eb(n/k)b(n/k)[ﬁn,k(T’ 6’ p) - 5] - N()‘ldQ(Ta 6’ P ﬁa 77) - >‘2d3(7—’ 65 P 5)5 ’U2 (Ta 6’ Y5 Py ﬁ))
The result continues to hold when p in Bn,k(T, d,p) is replaced by an external estimator p, y which is

such that p y —p = Op(l/(\/%b(n/l::))), when \/%b(n/l::) — 00, provided

VEkb(n/k)b(n/k) IR
Vib(n/k)

Many important members of the class of Pareto-type models like the Fréchet, Burr and student
t, satisfy condition (R4) with b(z) ~ az?, b(x) ~ asa” and b(z) = asz’ as & — oo, for some
constants a1, az and az. For such models one easily obtains from Theorem 4 that the asymptotic
1-6p)

mean squared error (AMSE) optimal k& is of the order n~60/( which is larger than the orders

n=20/(1=20) and n~4/(=40) one typically achieves for the estimation of first and second order tail
parameters, respectively. When using this AMSE optimal k£ sequence for the estimation of 3, the rate
of convergence in Theorem 4 is of the order n?/(1=69)  Also, in this regard, condition (6) can be easily
verified to be satisfied when using the AMSE optimal sequences for k and k.
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