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Abstract

Estimation of a proportion is commonly used in many areas and disciplines. Traditional estima-
tors and confidence intervals for a population proportion does not assume auxiliary information at the
estimation stage. Assuming auxiliary information, the ratio and regression methods are known tech-
niques for the purpose of estimation of a population mean. They can be adapted to the problem of the
estimation of the population proportion, although some differences can be observed. For example, a
ratio estimator for a population proportion can be defined via a ratio estimator for the complementary
of the population proportion. We define an optimum ratio estimator for a population proportion and
show that this estimator coincides with the regression estimator. Results derived for the population
proportion can be easily extended to the problem of estimating the distribution function.
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Introduction

Traditional estimators and confidence intervals for a population proportion (Blyth and Still,
1983; Cohen and Yang, 1994; Fleiss et al., 2003; Newcombe, 1998) do not assume auxiliary information
at the estimation stage. Assuming auxiliary information, the ratio and regression methods are known
techniques for the purpose of estimation of a population mean. They can be adapted to the problem
of the estimation of the population proportion (see, for example, Rueda et al., 2011a), although some
differences can be observed. For example, a ratio estimator for a population proportion can be defined
via a ratio estimator for the complementary of the population proportion. Furthermore, one should be
aware of the risks when confidence intervals are constructed for a population proportion, since limits
outside [0, 1] could be achieved.

We consider the scenario of a finite population U = {1,..., N} containing N units. Let
A, ..., Ay denote the values of a attribute of interest A, where A; = 1 if ith unit possesses the
attribute A and A; = 0 otherwise. Let B denote an auxiliary attribute associated with A and values
given by Bi,...,By. We also assume that a sample s, of size n, is selected from U according to an
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arbitrary sampling design with first and second order inclusion probabilities given by m; and ;.
The aim is to estimate the population proportion of individuals that posses the attribute A,
ie. Py=N"1 Zfil A;. The naive estimator of P4, which makes no use of the auxiliary information,

1

is given by p4 = N1 Y ics diAi, where d; = m; . Note that ps can take values larger than 1. An

alternative estimator that avoids values larger than 1 is the Hajek type estimator, which is given by
DAH = N1 > ics diAi, where N= D ics di-

Note that results related to the population proportion can be easily extended to the problem
of estimating the distribution function F(t) of a variable of interest y, since F'(t) is defined as the
proportion of individuals in the population which take values of y less or equal than a given argument
t.

Assuming a general sampling design, Rueda et al. (2011a) defined the ratio type estimators
Dr = EPB and prg = 1 -G = ECQB, where R = Da/pp is the design-based estimator of the
population ratio R = P4/Pg, pp = N~} Y icsdiBi, Pp = N1 Zf\il B; is the population proportion
of individuals that posses the attribute B, R, = da/qB, and the complementary proportions are
defined as g4 = 1 —pa, g = 1 — pp and Q@ = 1 — Pg. It is assumed that Pg is known from a
census or estimated without error. Rueda et al. (2011b) also defined a regression type estimator for
the population proportion under a general sampling design.

Assuming a general sampling design, an optimum ratio estimator for the population proportion
P, is defined. This estimator is based on a lineal combination between the ratio estimators p, and
Dr.q- We also show that the proposed optimum estimator coincides with the regression type estimator.

The optimum ratio estimator

Assuming a general sampling design and the ratio estimators p, and p;., previously defined, the
following class of estimator can be defined

(1) ﬁr.w = wﬁr + (1 - w)ﬁr.q-

It can be easily seen that the optimum value for w in the sense of minimum variance into the class of
estimators pi., is

(2) Wopt = Av(ﬁrq) - Cov(ﬁraﬁr.q)
P Av(ﬁr) + Av(ﬁrq) - 200”(@"7@"@) 7

where the asymptotic variance of p, is given by

AV () QZZ% rims) i~ RBiAj = RB;

i=1j—1 i T
Analogously, the asymptotic variance of p;.4 is given by

JAf = RelB; A~ R

e uy

N N
AV (prq) = AV(q, Z Z Tij — TiT;)

A¢ and B¢ denote the complementary attribute of A and B. The covariance between the ratio
estimators p, and D, 4 is

1 NN
cov(Pr, Pr.q) = 222(7%' — )
i=1j=1

Ai — RB; A5 — ReBS.

v Uy

Proof
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Using Taylor series (see Sérndal et al., 1992, pg 178) under a general sampling design, the ratios R
and R, can be approximated as

~ 1 A; — RB;
R:R+NPB% -
and
~ 1 A B¢
R.=R > i

From previous expressions we obtain

Dr =2 Py + — Z

ZES
and
Af — R.Bf
G = Qi+ — Z — e
zEs i

which can be used to obtain the covariance between p, and p; 4:

Cov(ﬁmﬁr.q) = COU(]’)\’H 1— ‘/]\r) - _Cov(ﬁrv ‘/]\r) -

A; — RB; 1« AS — R.BS
= —COov <PA+NZ7T7QA+NZ> =

€S ¢ €S i
1 A; — RB; « A — R.B¢
- TNz (Z i ’Z Z i )=
€8 1€8

N N c c
= —%cov (Z 7Ai ;EBiIi,Z 714 B I)

i=1 i=1 i

1 XX A; — RB; . A — R.BS
0v< R J C]Ij>

where I; is the sample indicator, i.e., [; =1 if ¢ € s and I; = 0 otherwise.
We observe that w,y; depends on unknown quantities. An estimator of w,, is given by

fU\opt _ ( rq ) - Cov(praprq)

V(Br) + V(Brq) — 2600(Pr, Prq)

h
WHELE Tij — 7rz7rj A; — RB; Aj — RB;
) =+ S — —
i1€s jEs L J
TP mij — mim; AS — R.BS A — RcBj
Vi) = AV(@) = o 3 T AL B
1€s jESs ? J
and

A; — RB; Aj — R.Bj

— 5 — 7T’L7r] i 145
Cov(PrsPra) = 755 SO — —
i€s jEs ¢ J
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The estimator of the optimum weight w,,; can be used to define an optimum estimator for P4, which
is given by

ﬁr.opt - U/}optﬁr + (]— - ﬁ}opt)ﬁr.q-

An alternative expression of the optimum weight wgy; is

Rc - ﬁ
(3) Wopt = R_-R
where R. = P4/ Pp,
5 covlBa,s)
V(ps)
1 XX A; B
cov(pa, Pp) = ~5 D D _(mij — mimy) ——*
N? = j=1 i Ty
d
. 1 L Ai A;
V(pB) = VD) ZZ(WU 71-171—]);7_‘__]"
i=1j=1 iy
Proof

Variances and the covariance in (2) can be expressed as
Vi = AV (p;) = V(Pa) + R*V (D) — 2Rcov(pa, bB)],
Vo = AV (pr.q) = V(@a) + RV (dB) — 2Recov(qa, Gp) =

=V (pa) + R2V(pp) — 2Rccov(pa, pp)

and
C = cov(Dr, pr.q) = V(Da) + RR.V (D) — (R + R¢)cov(pa,DB)-

The numerator and the denominator given by (2) can be expressed as
Vo — C = V(pp)(R2 — RR.) — cov(pa, b)[2Re — (R — R.)] =
= V(pB)Re(Re — R) — cov(pa, pB)(Rc — R) =
= (Rc — R)[V(PB)Rc — cov(pa,DB)]

and
Vi+ Vo —2C =V(pp)(R?>+ R?> —2RR.) — cov(Pa, pB)[2R + 2R. — 2(R+ R.)] =

= V(pp)(Re — R)?

By substituting these expressions into (2) we obtain

vy V2=C_ (Re= R)V(5p)Re = con(pa.5m)] _
i+ Ve —2C V(pB)(R: — R)?
_ V(pB)Rc — cov(pa,pB) _ Re—f3
(R.—R)V(pp)  R.— R
An estimator of expression (3) is
Bopt = EC — ?
R.—R

where
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An alternative and simpler expression for the optimum ratio estimator Dy op¢ is

(4) Pr.opt = Da + B(Pp — Pp).
Proof
~ —~ ~ ~ ~ EC_B/\ EC_B D
ropt = WoptPr + (1 — W, rqg = = =RPp+[1— = = 1-R. =
Pr.opt pt D ( pt)pq R._R B ( R — )( QB)
R.RPg — B3RPy R.—R—R.+8 ~
= s~ ORPp | - A+ﬁ(1—Rc(1—PB)):
R.— R R.— R
" RuRPy—BRPy — R+ RR.— RuRPy+ 0 — R+ PRPs
R.— R
5 R4 (R (R 3 (22 )
_ ﬁPB(Rc_R) + (Rc— 1)(R_/8) . qB PB _
= - — G6Pp + - £ =
R.— R qa  pa
g8 DB
1—pa—1+Pppa—Ops
3 1 —pg PB
= 3Pg + S - - A —
bPs (1 —pa)pB —Dpa(l —DB)
(1-pB)DB
_ps + (PB —Pa)(PA — PBPB)  _

PB — DADB — DA + DADB

=pa+B(Ps — pp).

We observe that the optimum regression estimator given by (4) coincides with the regression
type estimator given in Rueda et al. (2011b). This relationship between the ratio and regression
estimators show that the regression type estimator is more efficient than the ratio estimators p, and
ﬁr.q-

A variance estimator of the optimum ratio estimator is given by

~ 1 i
V(pr.opt) = m Zz Tig

1€ES JES

)

—7TZ'7Tj Ai —AZ'AJ' —Aj
7T7;j T 7Tj

where A; = pa + B(B; — bi).
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